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Abstract
Using the AdS/CFT correspondence, we study the holographic Schwinger effect by per-
forming the potential analysis on the confining D3- and D4-brane background with D-
instantons. The two confining backgrounds with D-instantons are obtained from the black
D(-1)-D3 and D0-D4 solution with a double Wick rotation. The total potential is evalu-
ated numerically by examining the NG action of a fundamental string in the presence of
an electronic field. In both backgrounds our numerical calculation agrees with the critical
electric field evaluated from the DBI action and shows the potential barrier is increased by
the presence of the D-instantons. Our interpretation is that particles in the dual field the-
ory could acquire an effective mass through the Chern-Simons interaction or namely by the
presence of D-instantons so that the particle creation rate in Schwinger effect is suppressed.
This conclusion is in agreement with the previous results obtained in the deconfined D(-
1)-D3 background at zero temperature limit and from the approach of the flavor brane in
the D0-D4 background. This work may be also remarkable to study the phase transition in
lower dimensional Maxwell-Chern-Simons theory and observable effects by the theta angle
in QCD.
1Email: siwenli@dlmu.edu.cn
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1 Introduction
People have achieved many advances in the researches about the phenomena with strong elec-
tromagnetic field in the heavy-ion collision. The Schwinger effect as one of the most famous
phenomenon attracts great interests since it is significantly related to the particle creation rate.
Specifically the charged particles in the collisions at high speed can generate an extremely strong
electromagnetic field so that the virtual pairs of particles in the vacuum can become real particles
[1, 2]. Thus the Schwinger effect may be very helpful to study particle creation and thermaliza-
tion in the heavy-ion collision. On the other hand, the P or CP violation in QCD (Quantum
Chromodynamics) is also an important topic [3]. Usually a theta term can be added to the
gauge theory to include the P or CP violation in the action,
S = − 1
2g2YM
Tr
ˆ
F ∧∗ F + i θ
8pi2
Tr
ˆ
F ∧ F, (1.1)
where gYM refers to the Yang-Mills coupling constant. Although the experimental value of the
theta angle is very small
(|θ| ≤ 10−10), the theta-dependence in Yang-Mills theory or QCD is
very interesting both in the theoretical and phenomenological researches, e.g. study of the phase
transition of confinement/deconfinement [4, 5], the large N behavior [6], the glueball spectrum
[7] all in the presence of a theta angle. Particularly whether a theta vacua can be created
in heavy-ion collision is still an open question which therefore attracts many investigations
[8, 9, 10, 11] and moreover there have been some observable effects proposed in order to confirm
the theta-dependence in the heavy-ion collision e.g. the chiral magnet effect [12, 13].
Accordingly the motivation of this work is to explore the Schwinger effect with the theta
angle in the QCD-like or confining theory since the Schwinger effect would be affected by the
theta angle and it might be remarkable to confirm the existence of the theta vacuum. However,
using QFT (quantum field theory) frame work to analyze the Schwinger effect in a QCD-like
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or confining theory would be very challenging since the original Schwinger’s work shows that
this effect must be non-perturbative. Fortunately, the AdS/CFT correspondence could provide
an alternative way [14, 15] to analyze the Schwinger effect by evaluating the total potential in
holography [16]. In order to study the QCD-like theory, the confining background geometry is
also necessary. Taking account into the frame work of string theory, the most famous confining
(soliton) background geometry is obtained by a double Wick rotation on the black D3- or D4-
brane solution [17, 18], so the holographic total potential in Schwinger effect can be calculated
by performing the potential analysis [19] on these backgrounds as in [20, 21]. To involve the
theta angle or the topological charge in the dual field theory, we additionally need to introduce
D-instantons into the D3- and D4-brane solution. This can be achieved by considering the black
D(-1)-D3 [22, 23, 24] and D0-D4 brane solution [25] with a double Wick rotation, following the
discussion in [17, 18]. Afterwards the D(-1) and D0-branes play the role of the D-instantons and
correspond to the theta angle in the dual theory [26, 27, 28, 29, 30].
In this project, we will perform the potential analysis [19] for the holographic Schwinger effect
on the soliton D3 and D4-brane background with D-instantons. The outline of this paper is as
follows. In Section 2, we give a brief construction for the confining D3- and D4-brane background
with D-instantons. In Section 3, we perform potential analysis for the holographic Schwinger
effect then calculate the total potential numerically. In Section 4, we give our summary and
discussion of this work. Basically our work is an extension to [20, 21], also a different approach
to check the results obtained in the deconfined D(-1)-D3 background at zero temperature limit
[31] and the flavor brane setup for holographic Schwinger effect in [32].
2 The confining geometry with D-instanton
2.1 The confining D(-1)-D3 solution
The D(-1)-D3 brane system was proposed in [22] which is represented by a deformed D3-brane
solution with a nontrivial scalar field. A Ramond-Ramond (RR) scalar charge is switched on
and balanced by the dilaton charge in order to preserve 1/2 of supersymmetry. This system
is recognized as a marginal “bound state” of D3-branes with smeared D(-1)-branes , i.e. the
D-instantons. And its low-energy dynamics is described by the type IIB supergravity action
which in string frame is given as,
SIIB =
1
2κ2
ˆ
d10x
√−g
[
e−2Φ
(R+ 4∇MΦ∇MΦ)− 1
2
|F1|2 − 1
2
|F5|2
]
. (2.1)
The non-extremal solution for the black D3-branes with D(-1)-branes as D-instantons can be
found in [23]. However, in this section we will focus on the confinement construction of this
solution.
The most simple way to obtain a confinement theory is to follow the discussion in [17, 18].
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Let us start from the N = 4 Super Yang-Mills (SYM) theory since it is the dual field theory to
the IIB supergravity. Specifically the first step is to take one of the three spatial dimensions xi
to be compactified on a circle with period xi ∼ xi + δxi. So the SYM theory is effectively 3-
dimensional (3d) below the Kaluza-Klein energy scale MKK = 1/δx
i. Then the second step is to
get rid of all massless particles other than the gauge fields. The most convenient way to achieve
this is to require the fermion fields to be anti-periodic on the circle while the bosons are given
periodic boundary conditions. Hence the fermions acquire mass of order MKK and the scalars
of the SYM theory also get masses of order MKK induced by radiative corrections. Therefore
the supersymmetry and conformal symmetry are broken down and the resultant theory would
be three-dimensional YM theory. Next we have to identify the bulk supergravity geometry as
its holographic correspondence. A trick for obtaining the answer is to perform a double Wick
rotation on the D(-1)-D3 brane background i.e. t→ −ixi, xi → −it. Without loss of generality,
let us denote xi = x3, then the confining solution for D3-branes with smeared D-instantons
reads,
ds2 = eΦ/2
{
r2
R2
[
−dt2 + (dx1)2 + (dx2)2 + f (r) (dx3)2]+ 1
f (r)
R2
r2
dr2 +R3dΩ25
}
,
eΦ = 1 +
Q
r4KK
log
1
f (r)
, C = −e−Φ + C0, f (r) = 1− r
4
KK
r4
, F5 = Q35 (2.2)
where C is the RR 0-form with F1 = dC, R
4 = 4pigsl
4
s and Q,Q3 relates to the charge of the
D-instantons and D3-branes. 5 represents the volume form of a unit S
5. The above solution is
defined for r > rKK only thus it does not have a horizon. This means r = rKK is the end of the
spacetime. Since the warp factor eΦ/2 r
2
R2
never goes to zero, the asymptotics of the Wilson loop
in this geometry would lead to an area law which implies the holographically dual field theory
exhibits confinement below MKK . In order to avoid conical singularities in the dual field theory,
the following constraint has to be additionally required,
MKK =
2rKK
R2
. (2.3)
We note that if Q→ 0 (i.e. no D-instantons) the supergravity solution (2.2) consistently returns
to the confining D3-brane solution which is used in [18, 20, 21]. The dual field theory can be
examined by considering a probe D3-brane located at r →∞ whose action is
SD3 =
[
−TD3
ˆ
d4xe−
Φ
2 Str
√
−det (g + F) + TD3
ˆ
C4 +
1
2
TD3Tr
ˆ
C0F ∧ F
] ∣∣∣∣
r→∞
' − 1
4g24,Y M
ˆ
d4xFµνF
µν − θ
16pi2
Tr
ˆ
F ∧ F ∗ +O (F 3)
= − 1
4g23,Y M
ˆ
d3xFabF
ab − θ
16pi2
Tr
ˆ
ω3. (2.4)
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HereF = 2piα′F denotes the gauge field strength and TD3 denotes the tension of D3-brane.
g4,3,Y M refers to the 4d and 3d Yang-Mills coupling constant respectively and ω3 is the Chern-
Simons (CS) 3-form. The theta angle corresponds to the boundary value of C0. Accordingly,
we can conclude the dual field theory to the background (2.2) is 3d confined YM plus CS theory
below MKK in holography.
2.2 The confining D0-D4 solution
Basically the confining D0-D4 solution where the D0-brane plays the role of D-instanton can
be achieved by following the same discussion in the last section. In the near horizon limit, the
supergravity solution reads [26, 27],
ds2 =
( r
R
)3/2 [
H
1/2
0 ηµνdx
µdxν +H
−1/2
0 f (r)
(
dx4
)2]
+H
1/2
0
(
R
r
)3/2 [ 1
f (r)
dr2 + r2dΩ24
]
,
eΦ =
( r
R
)3/4
H
3/4
0 , f (r) = 1−
r3KK
r3
, H0 = 1 +
Q
r3
,
F2 = dC1 =
Q0
r4
1
H20
dr ∧ dx4, F4 = dC3 = Q44, (2.5)
where Q,Q0 are two constants related to the number density of D0-branes and Q4 is the charge
of D4-branes. We note that the D0-brane is the D-instanton in this system which extends
along the direction x4 and x4 is periodic x4 ∼ x4 + δx4. To avoid conical singularities in the
dual field theory, it leads to the constraint
MKK =
3
2
r
1/2
KK
R3/2
1√
1 +Q/r3KK
. (2.6)
Below MKK the dual field theory is confined theory and it can be investigated by introducing a
probe D4-brane in the background (2.5) at r →∞. Then its low-energy action is
SD4 =
[
−TD4
ˆ
d5xe−ΦStr
√
−det (g + F) + T4
ˆ
C5 +
1
2
TD4Tr
ˆ
C1 ∧ F ∧ F
] ∣∣∣∣
r→∞
' − 1
4g24,Y M
ˆ
d4xFµνF
µν − θ
16pi2
Tr
ˆ
F ∧ F ∗ +O (F 3) . (2.7)
We note that the theta angle corresponds to θ ∼ ´Sx4 C1. Therefore the dual theory in the
D0-D4 system is theta-dependent confined Yang-Mills theory [26, 28, 29].
3 Potential analysis
In this section, let us perform the analysis by following [19, 20, 21] for the confining background
with D-instantons to evaluate the effective potential in Schwinger effect.
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3.1 The D(-1)-D3 background
In order to evaluate the effective potential, we need to find the critical value of the electric field
first. So let us start with a probe D3-brane located at r = r0 on which an external electronic
field F01 = E is switched. The DBI (Dirac-Born-Infeld) action of the probe brane is given as,
S = −TD3
ˆ
d4xe−
Φ
2
√
−det (g + F)
= −TD3V4 r
4
0
R4
e
Φ(r0)
2 f (r0)
1/2
√
1− (2piα
′)2R4
eΦr40
E2. (3.1)
It is easy to understand that the classical solution would not exist if E > Ec, thus the critical
electronic field is obtained as,
Ec =
1
2piα′
r20
R2
e
Φ(r0)
2 . (3.2)
Then in order to analyze the Schwinger effect, we need to calculate the total energy of a pair of the
fundamental particles which can be computed by evaluating the expectation of its rectangular
Wilson loop. In holography it corresponds to the world-sheet area or equivalently the on-
shell Nambu-Goto (NG) action of a fundamental string [33]. Accordingly we consider a quark-
antiquark pair placed at fixed positions on the probe brane with separation x in direction x1.
Choosing the static gauge, the induced metric on the world sheet with τ = t, x1 = σ, r = r (σ)
is,
ds2 = gαβdx
αdxβ =
r2
R2
eΦ/2
{
dτ2 +
[
1 +
1
f (r)
R4
r4
(
dr
dσ
)2]
(dσ)2
}
, α, β = 0, 1 (3.3)
where we have worked in the Euclidean signature. Therefore the NG action is calculated as
SNG = Tf
ˆ
dτdσ
√
det (gαβ)
= Tf
ˆ
dτdσ
√√√√eΦ(r) [ 1
f (r)
(
dr
dσ
)2
+
r4
R4
]
. (3.4)
Since the Lagrangian in (3.4) does not depend on σ explicitly, its associated Hamiltonian is
conserved i.e. a constant,
H = (∂σr) ∂L
∂σr
− L = const, (3.5)
which means
6
r0 ∞rcrKK
Probe brane
Fundamental string
r
x1
x
Figure 1: Configuration of the string and probe brane.
e
Φ(r)
2 r4/R4√
r4
R4
+ 1f(r)
(
dr
dσ
)2 = const. = eΦ(rc)2 r2cR2 , (3.6)
if the boundary condition
dr
dσ
∣∣∣∣
r=rc
= 0, σ = σ0 (3.7)
is imposed where rc refers to the top point of the string in the bulk as illustrated in Figure 1.
So (3.6) leads to
dr
dσ
=
1
R2
√[
eΦ(r)−Φ(rc)
r4
r4c
− 1
] (
r4 − r4KK
)
, (3.8)
and the separation x is therefore obtained as
x =
2R2
r0a
eΦ(1)/2
ˆ 1/a
1
dy√
(y4 − b4/a4) [eΦ(y)−Φ(1)y4 − 1] , (3.9)
where we have used the dimensionless quantities defined as,
y =
r
rc
, a =
rc
r0
, b =
rKK
r0
,
Q
r40
= q. (3.10)
Afterwards the potential energy (PE) including static energy (SE) is computed as
7
VPE+SE = 2Tf
ˆ x/2
0
dσL = 2Tfr0a
ˆ 1/a
1
eΦ(y)y4√
(y4 − b4/a4) [eΦ(y)−Φ(1)y4 − 1] . (3.11)
However we have to add the contribution from the interaction of the quark-antiquark pair with
an external electric field E to this energy. So the total potential is,
Vtot (x) = VPE+SE − Ex
= 2Tfr0a
ˆ 1/a
1
eΦ(y)y4√
(y4 − b4/a4) [eΦ(y)−Φ(1)y4 − 1]
− 2Tfr0α
a
eΦ(1)
ˆ 1/a
1
dy√
(y4 − b4/a4) [eΦ(y)−Φ(1)y4 − 1] , (3.12)
where
α =
E
Ec (q)
, Ec (q) = Tf
r20
R2
eΦ(1)/2, (3.13)
and Ec is the critical electronic field given in (3.2). The relation of Vtot and x can be evaluated
numerically which has been illustrated as in Figure 2 with various q, α. In Figure 2 we have
set b = 0.5 (fixing energy scale MKK) , α = 0.4, 0.6, 0.8, 1, 1.2 and the instanton density has
been chosen as q = 0, 0.2, 0.5, 1 respectively in the four panels for comparison. These graphs
imply that the potential barrier vanishes for α > 1, so the critical electric field obtained from
the potential analysis agrees with (3.2) which is evaluated by using the DBI action as expected
in [20, 34]. Besides we notice that the presence of instantons increases the potential barrier
and thus suppresses the pair creation. This conclusion can also be confirmed by analyzing the
formula (3.4) of the NG action, since the rate of pair production is Γ ∼ exp (−SNG − SB2) where
SB2 is the action of the 2-form B2 independent on metric. Nonetheless, to see this clearly, let
us introduce another dimensionless parameter α˜ = EEc(q=0) so that E = Ec (q = 0) corresponds
to α˜ = 1, then the numerical result of Vtot (x) and q is shown in Figure 3. We find there is not
any limitation to pair creation at zero instanton density since there is no potential barrier in
the presence of electric field for q = 0. As we can see the presence of the instantons develops a
potential barrier, so the Schwinger effect occurs through a tunneling process only if q > 0 and
the instanton density increases the potential barrier whereas suppresses the pair creation. It
therefore implies that the critical electric field is also increased by the instanton density which
is in agreement with (3.2). And all these conclusions agree with the results evaluated in the
deconfined D(-1)-D3 background at zero temperature limit in [31].
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Figure 2: The dependence on x of the total potential Vtot (x) with various instanton densities
and electric fields (determined by α) in the confining D(-1)-D3 background. In all graphs we
have set b = 0.5 and 2L2/r0 = 2Tfr0 = 1.
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Figure 3: The relation of Vtot (x) and q in the D(-1)-D3 background with b = 0.5, α˜ = 1.
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3.2 The D0-D4 background
In this section, let us turn to the D0-D4 case. The discussion would be basically parallel to those
in Section 3.2. First we consider the DBI action of a probe D4-brane in the D0-D4 background
with an electronic field located at r = r0. The action takes the form,
S = −TD4
ˆ
d5xe−Φ
√
−det (g + F)
= −TD4V5 r
3
R3
f (r0)
1/2
√
1− (2piα
′)2R3
H0 (r0) r30
E2. (3.14)
Hence the critical electronic field is evaluated as,
Ec =
1
2piα′
r
3/2
0
R3/2
H
1/2
0 (r0) . (3.15)
Then the Euclidean induced metric on the world sheet of a fundamental string with the choice
of static gauge τ = t, x1 = σ, r = r (σ) is given as,
ds2 =
( r
R
)3/2
H
1/2
0
{
dτ2 +
[
1 +
1
f (r)
(
R
r
)3( dr
dσ
)2]
dσ2
}
. (3.16)
Therefore the NG action can be computed as,
SNG = Tf
ˆ
dτdσH
1/2
0 (r)
√
r3
R3
+
1
f (r)
(
dr
dσ
)2
. (3.17)
The conserved Hamiltonian is
H
1/2
0 (r) r
3/R3√
r3
R3
+ 1f(r)
(
dr
dσ
)2 = const. = r3/2cR3/2H1/20 (rc) , (3.18)
where we have used the boundary condition
dr
dσ
∣∣∣∣
r=rc
= 0, σ = σ0. (3.19)
So we have,
dr
dσ
=
1
R3/2H
1/2
0 (rc)
√(
r3 − r3KK
)(r3
r3c
− 1
)
, (3.20)
which leads to the formula of the separation x as,
x = 2
ˆ r0
rc
dr =
2R3/2
r
1/2
0 a
1/2
H
1/2
0 (1)
ˆ 1/a
1
dy√
(y3 − 1) (y3 − b3/a3) , (3.21)
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Figure 4: The dependence on x of the total potential Vtot (x) with various instanton densities
and electric fields (determined by α) in the confining D0-D4 background. In all graphs we have
set b = 0.5 and 2L3/2/r
1/2
0 = 2Tfr0 = 1.
with the dimensionless quantities introduced as,
y =
r
rc
, a =
rc
r0
, b =
rKK
r0
,
Q
r30
= q. (3.22)
Afterwards the potential energy (PE) including static energy (SE) in D0-D4 background is
computed as,
VPE+SE = 2Tf
ˆ x/2
0
dσL = 2Tfr0a
ˆ 1/a
1
dy
y3H0 (y)√
(y3 − 1) (y3 − b3/a3) . (3.23)
By taking into account the contribution of the electronic field, the total potential can be obtained
as,
Vtot = VPE+SE − Ex
= 2Tfr0a
ˆ 1/a
1
dy
y3H0 (y)√
(y3 − 1) (y3 − b3/a3) −
2Tfr0α
a1/2
H0 (1)
ˆ 1/a
1
dy√
(y3 − 1) (y3 − b3/a3) ,
(3.24)
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Figure 5: The relation of Vtot (x) and q in the D(-1)-D3 background with b = 0.5
3/2, α˜ = 1.
where
α =
E
Ec
, Ec =
1
2piα′
r
3/2
0
R3/2
H
1/2
0 (r0) . (3.25)
The relation of Vtot and x in the D4-D0 background can be evaluated numerically and the results
are illustrated as in Figure 4. These graphs also show that the potential barrier vanishes for
α > 1 which agrees with our (3.15) and again the potential analysis as expected in [20, 34].
By introducing α˜ = EEc(q=0) , we find the presence of the instantons develops a potential barrier
and increases it as illustrated in Figure 5. So the Schwinger effect can occur without any any
limitation at q = 0 while it happens only through a tunneling process for q > 0. Since the
instantons increase the potential barrier, it suppresses the pair creation. And this conclusion is
in agreement with the analysis from the flavor brane approach for the Schwinger effect in the
D0-D4 background in [32].
4 Summary and discussion
In this work we have studied the Schwinger effect in the confining D3- and D4-brane system
with D-instantons in holography. We first give a brief construction for confinement in these
backgrounds. Then by using the DBI action of a probe D3- and D4-brane, we find the critical
electric field Ec depends on the instanton density. Afterwards we perform the potential analysis
for the holographic Schwinger effect and calculate the total potential for a pair of particle-
antiparticle by taking into account an electric field. According to our numerical calculation, we
find the critical electric field is in agreement with the analysis of the DBI action. The presence
of instantons increases the potential barrier and therefore suppresses the pair creation both in
the D(-1)-D3 and D0-D4 approach. Our results agrees well with the evaluation obtained in the
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deconfined D(-1)-D3 background at zero temperature limit [31] and the analysis for the flavor
brane action in the D0-D4 background [32].
Finally let us give some interpretation of our results to close this work. In the D(-1)-D3
case, since the confining D(-1)-D3 system holographically corresponds to 3d Yang-Mills plus
Chern-Simons theory below MKK , in the dual field the particle may acquire effective mass
through the Chern-Simons interaction due to the presence of the D(-1) branes (D-instantons)
which means the particle mass is increased by the presence of the D-instantons2. Therefore
the particle creation in Schwinger effect would be suppressed by the D-instantons since it is
proportional to the factor e−
m2
E . Or namely, the barrier of total potential for a pair of particle-
antiparticle is increased by the presence of the D-instantons which is consistent with what we
have obtained in this work. So we believe this project would be very helpful to investigate some
phenomena in Maxwell-Chern-Simons theory with electronic field in some future works e.g. the
phase transition from insulator to conductor in some material.
In the D0-D4 case, the interpretation is basically similar as the D(-1)-D3 case while the dual
field theory is a confining Yang-Mills theory with a theta term. According to the previous study
in this system [26, 28, 29, 30, 35, 36, 37], the particle mass spectrum is increased by the presence
of the D-instantons (D0-branes), so the particle creation in Schwinger effect should be suppressed
or namely the total potential barrier is increased by the instantons which is consistent with what
we have found in this work. The total potential with D-instantons in Schwinger effect would be
also remarkable to study the P or CP violation in QCD, especially in the heavy-ion collision,
since an extremely strong electromagnetic field would be generated. On the other hand, in the
collision, there might be a metastable state with nonzero vacuum theta angle produced in the
hot and dense condition when the deconfinement phase transition happens [8, 9]. And the P- or
CP-odd bubble would form then decay soon into the true vacuum, hence the metastable state
freezes inside the bubble rapidly returning to the confinement. Therefore the metastable state
may be excited by the strong electric field through the Schwinger effect and the particle pair
creation in the heavy-ion collision would be affected by the theta angle (D-instantons), reflecting
the behaviors of the total potential. So this may be very significant to confirm whether P or CP
violation in QCD exists.
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